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Abstract. The aim of this paper is to study generalized q- analogs of the 
well-known q-deformed harmonic oscillators and to connect them with q- 
Hermite polynomials. We give a construction of the appropriate oscillator- 
like algebras and show that corresponding Hermite polynomials are gener- 
alization of the discrete q-Hermite I and the discrete q-Hermite II polyno- 
mials. We also construct generalized coherent states of Barut-Girardello 
type for oscillator-like systems connected with these polynomials. 



1. Introduction 

The simplest deformation of the canonical commutation relations has 
been emerged in context of the study of the dual resonance models of the 
strong interaction theories pQ . More general deformaion of these relations 
was considered in connection with description of representations of quan- 
tum groups j2], jH]. It was introduced in order to extend the method of 
realization of generators of Lie algebras by creation and annihilation oper- 
ators (the Jordan- Wigner construction) to the quantum case. Since then 
various generalized q-analogs of these deformations became the subject of 
mathematical and theoretical physics. Their relation to the noncommuta- 
tive geometry, special functions of the q-analysis and other subjects of the 
mathematics became evident. A connection between harmonic oscillators 
and Hermite polynomials in the quantum mechanics is well-known. This 
connection was generalized to the g-deformed cases as well. The gener- 
alized g-deformed oscillators [I], [5], jH], [Zj are related to the g-deformed 
Hermite polynomials in the same way as the standard quantum oscillator 
is connected with the classical Hermite polynomials. In the work [B] the 
spectra of the position Q and the momentum P operators for various q- 
deformed oscillators in the Fock representation has been described. There 
the spectral measures and the generalized eigenf unctions of these operators 
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has been found. They are expressed in terms of certain g-Hermitian poly- 
nomials. Various orthogonal deformed g-Hermite polynomials can appear 
depending on the type of a deformation of the oscillator algebra. 

For example, in the case of Arik-Coon deformation with parameter 
q > 1 one gets Hermite polynomials for which orthogonal measure is 
known. The same problems has been studied for more general form of 
the operators Q and the P 0|. In this case the spectral measure and the 
eigenfunctions has been expressed in terms of the discrete g-Hermite poly- 
nomials. The spectral measure of the position operator of Biedenharn- 
McFarlane oscillator has been calculated in the case indetermine Ham- 
burger moment problem jTU]. Coherent states of the oscillator-like sys- 
tems, connected with some q-Hermite polynomials have been constructed 
in 0, US]. 

Naturally, a problem of generalization of these results to the case of 
other q- deformations of the harmonic oscillator algebra arises. In this pa- 
per we consider oscillator-like systems giving a description of the general- 
ized g-deformed oscillators and connect them with the generalized discrete 
g-Hermite I and q-Hermite II polynomials. These systems involve, as par- 
ticular cases, the known one-parameter deformations of oscillator algebras. 

In Section 2, we give a structure function, defining relations and the 
position and momentum operators Q and P of the corresponding deformed 
oscillator algebra. In the Fock representation the operators Q and P have 
a Jacobi matrix form. We investigate the self-adjointness properties of 
these operators. 

In Section 3 we give examples of the oscillator-like systems connected 
with discrete q-Hermite I and the generalized discrete q-Hermite I polyno- 
mials. We establish the orthogonality relations for these polynomials and, 
as a consequence, obtain a spectrum of the position operators of these 
systems. 

The same problem is solved in Section 4 for discrete Hermite II and 
generalized discrete Hermite II polynomials of the corresponding oscillator 
algebras. 

In Section 5 we study generalized coherent states of oscillator algebras 
corresponding to discrete q-Hermite I, generalize discrete q-Hermite I and 
II polynomials on the basis of the method suggested in 0, [To"] . 

The generalized g-deformed oscillator and its Heisenberg-Weyl algebra 
is defined by the structure function f(n) = f n (a positive function satisfy- 
ing /(0) = 0), which fix an associative algebra generated by the elements 
{1, a, a + , N}, satisfying the defining relations 

[N,a] = -a, [N,a + ] = a + , (1) 
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a+a = f(N), aa + = f(N + l). (2) 

The structure functions f(n) characterize the deformation scheme. The 
Fock realization of these relations and the number of particles operator 
have the form 

a\n) = f n -i\n - 1), a + \n) = f n \n + 1), (3) 



N\n) = n\n). (4) 

As an example we consider the special case f n = (n + i)V2 to get the 
Heisenberg-Weyl algebra of the quantum oscillator of quantum mechanics. 
It is generated by the generators a,a + ,N and its defining relations are 

[N,a} = -a, [N,a + } = a + , (5) 

[a, a + ] = 1, [a, a] = [a + ,a + ] = 0. (6) 
Recall that the Fock realization of this Heisenberg-Weyl algebra is 

a\n) = \/n\n — 1), a + \n) = sjn + \\n + 1), (7) 



N\n) = a + a\n) = n\n). (8) 

The position Q and the momentum P operators are unbounded opera- 
tors defined on a dense domain in the Hilbert space TC and satisfy the 
famous commutation relation [Q, P] = il . These operators are related to 
the creation and annihilation operators a + and a from (j7J) by the formulae 

Q = a + + a, P=-(a + -a). (9) 

i 

Each of these operators have a Jacobi matrix form and due to the condition 

1 



E 



jn 

n=0 



OO (10) 



is a self-adjoint operator (Carleman's Lemma) ^T]. There is a well-known 
the connection between the quantum-mechanical position and momentum 
operators Q and P and the Hermite polynomials H n (x). The spectrum of 
the operator Q is continuous and in order to find its generalized eigen- 
vectors we have to describe solutions of the equation Q\x) = x\x). To do 
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this, ones consider the expansion \x) = Y^=o Pn{x)\n) of the vector \x) in 
the Fock space TC. Using the equations ((7j) and Q\x) = x\x) we obtain the 
following recurrence relation 

(n + l) 1 / 2 P n+ i(a;)+n 1 / 2 P n _i(x)=xP n (x), n = 0, 1, . . . (11) 

for coefficients P n (x). This relation has the solutions 

P nW = {2 n^X/2 H n^ (12) 

with the initial conditions P-\(x) = 0, Pq{x) = 1. The polynomials 
H n (x) satisfy the equation 

xH n (x) = ]-H n+1 (x) + nH n ^x(x) (13) 



and can be written as 



K2] _„ 1U 



They can be represented by means of hypergeometric function as 



#„(*) = (2z)W ~^- l )l 2 



x 



(15) 



The polynomials 

= (^) 1/2ff " w (16) 

are orthonormal with respect to the measure cL;(x) = e~ x2 dx and give wave 
functions of the Hamiltonian H = a + a + aa + of the harmonic oscillator 
corresponding to the eigenvalues A n = 2n + 1, n > 0. 



2. Generalized oscillator algebras, position and momentum op- 
erators and spectrum of Hamiltonian 

We consider oscillator-like systems defined by the structure function 



/ 1 \ 1/2 
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of oscillator algebra (see (Sec. 3) and (Sec. 4)). For the special values 
of the parameters a, (3, 1, q this function reproduce known versions of de- 
formations of the oscillator Heisenberg-Weyl algebra: the Arik-Coon, the 
Biedenharn-Macfarlane and the other ones. The defining relations for these 
algebras can be written as 

aa + - q 2a a + a = q MN+i)+P q (i-i)N ^ (lg) 



aa + _ g 2a+/-l a+a = q 2a(N + l) + ^ (1Q) 

or in a more compact form 

aa + - q 2a a + a = gM^+U+zy^ (20) 



aa + - q 2a q'a + a = g^+D+Z 3 , (21) 

where q' = q l ~ l . The Fock realization of the operators a, a + in the Fock 
space 7i is 

, / 1 n ( l - 1 ) n \ 1/2 

a\n) = q an+ ^ 2 ( - J j \n-l), (22) 

Q+| n ) = g "("+ 1 )+/ 3 / 2 ( 1 ^_ j | n +l). (23) 

A spectrum of the Hamiltonian if = a + a + aa + of these oscillator-like 
systems is discrete and is given by the expression 

A n = g^+^l-g'- 1 )- 1 ^ - q^A+q^+^il-q 1 - 1 )- 1 ^ - q (^+i)^ 

(24) 

where n > 0. However, wave functions corresponding to these eigenvalues 
are defined in a more complicated way. In the orthonormal basis \n),n = 
1,2,... of the Hilbert space 7i the position and momentum operators Q 
and P of these oscillators systems are given by by the Jacobi matrices 

g|n)=/ n |n+l) + / n _i|n-l), (25) 



P|n) = -(/„|n + l)-/ ft _i|n-l)). (26) 
i 

Unlike to the case of standard quantum oscillator, in this one the self- 
adjointness of the operator Q depends on the values of parameters q, a, I. 
Due to Theorem 1.1, Chapter VII in ^T] the deficiency indices of the 
operator Q are (0, 0) and then its closure Q is a self-adjoint operator, 
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or they are (1, 1) and then the operator Q allows self-adjoint extensions. 
According to Theorem 1.5, Chapter VII in [TT], if the function f(n) from 
(fT7jl satisfy the conditions 



fn—lfn+1 — fm 



oo 



n=0 



fn 



< OO, 



(27) 



then the deficiency indices of Q are (1,1). The first condition of ()27j) is 
reduced to the inequality —q l ~ l > 2 what is satisfied for all positive 

q. The convergence of the series (12 7|) depends on the values of parameters 
of the deformation. Namely, 



q< 1, 



and 



g> 1, 



'a < 0, 
a > 0, 
a + / - 

,Q! + / - 

a < 0, 
a > 0, 
a + i - 



/ - 1 > 0, 
/ - 1 > 0, 
1 < 0, Z - 
1 > 0, l- 

l- 1 > 0, 
/ - 1 > 0, 
1<0, /- 



1 < 0, 
1 < 0, 



+ Z - 1 > 0, / 



1 < 0, 
1 < 0, 



convergent, 
divergent, 
convergent, 
divergent, 

divergent, 
convergent, 
divergent, 
convergent. 



(2f 



(29) 



In particular, this choice of the structure function unify the following cases 
of the q-deformed of the oscillator algebras: the Biedenharn-Macfarlane de- 



formation (a - 
1, 1-1 = 2, 



1/2, (3 
q> 1) 



T, g < 1), and (a 



[N, a] = -a, [N, a + ] 



-1/2, (3 = 
(30) 



-A' 



aa — qa a = q 
and its symmetric generalization (a 

[N, a] = —a, 



aa + — q 1 a + a = q N , 



= 1/2, P 
[N, a + ] = 



I e 



(31) 



(32) 



aa + — qa + a = q lN , aa + — q l a + a = q N , (33) 

the deformation associated with the discrete g-Hermite I polynomials (a = 
1/2, /? = -l, Z = 2, g<l) 

[N,a]=-a, [iV,a + ] = a + , (34) 
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aa + — qa + a = q 2N , aa + — q 2 a + a = q N (35) 

and the deformation associated with the discrete g-Hermite II polynomials 

(a = -l, (3 = 2, 1 = 2, q<l) 

[N,a]=-a, [N,a + }=a + , (36) 
aa + — q^a + a = q~ 2N , aa + — q~ 2 a + a = q~ N . (37) 



3. Generalized g-deformed oscillator-like systems and generalized 
discrete q-Hermite I polynomials 

First of all we consider a deformed oscillator in the case when the 
parameters in (|T7j) take the values a = 1/2, (3 = —1, 1 = 2, < q < 
1. The structure function (j!7|) in this case is written as 

/„ = g (n+D/2-l/2 (1 _ g) -l/2 (1 _ ? n+l)l/ 2 _ (3g) 

The Fock representation of the a and a + operators for ()34j) . (|33|l are 

a\ n ) = ( T l-) 1 /2 g (n-i)/2 (1 _ q ny/2 ln _ 1)? (39) 

a + \n) = (—Y/Zq n l\l - q n+l ) l l 2 \n + 1). (40) 
1-q 

The deformed canonical commutation relations take the form ()34j1 . (|35j) or 

1 _ n N+1 1 - n N 

«,« = 9 — ; q • 41 

1 — g 1 — g 

Recall that the Hamiltonian of this oscillator H = aa + + a + a has a discrete 
spectrum H\n) = \ n \n), where 

An = q n (l - q)-\l ~ q n+1 ) + q n ~\l - q)~\l - q n ), n > 0. (42) 

To find the wave functions corresponding to these eigenvalues we proceed 
as in the case of the standard quantum oscillator (see Introduction). 

The position operator Q and the momentum operator P are given in 
the basis |n), n = 0, 1, . . . of the Hilbert space TC by Jacobi matrices. The 
generalized eigenvectors {\x)} of the operator Q, Q\x) = x\x), form a 
continuous basis of the Hilbert space 7i and coefficients Pn\x;q) of the 
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transition from the basis {|n}} to the basis {|a?)}, \x) = Yl^=o Pn {x; q)\n), 
satisfy the recurrence relation 

xP(°)(x;g)=( T ^) 1 V 2 



x(l-0 1/2 C(^)+ V 1 '^!-?") 1 ^^;?)- (43) 

If we do the rescaling of variables y — (1 — q) l l 2 x and denote ^''(x; g) = 
P^\(l- q)- l l 2 X]q), then the previous relation is reduced to 

x^\x\ q) 



= q n l\l - q^/^lix; q) + q^'\l - q n ) 1/2 ^ ] -A^ <?)• (44) 
After replacement 

-n(n-l)/4 



/2 



(45) 



we obtain the recurrence relation for the discrete g-Hermite I polynomials 



X , 



h^ix; q) = (*; g) + g^l - ifo q). 



1 y v x y y'"n-iv^) yy- (46) 

Together with the initial condition (x; q) = 1 it defines the discrete 
g-Hermitian I polynomials ^2], [HI] represented as 



[n/2] 

^ 0) (*;ff) = E 



(?5?)n 



fc=0 



(g 2 ;g 2 )fc(g; g) 



n-2fc 



.(_l) fc g A ''( A: - 1 ) ;r n - 2fc 



(47) 



They can be written by means of the basic hypergeometric function as 



h^\x- g)=x™ 2 0o 



„— n „-n+l 

y > y 



„2n-l 

2 y 

9 ; — a - 

ar 



(4£ 



Now, the solution of the equation can be represented by the expres- 
sion 



P^frq) = q —TJrh^\^~qx;q). 



— n(n— 1)/4 



/2 



(49) 
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It follows from , P3! that these polynomials are orthogonal with respect 
to the discrete measure 

1 q° 
du {0) (x) = -(q; q 2 )^ 8(x ) dx 

2 y/1 - q 

^ Vl-g|x| (g 2 (l-g)x 2 ,g; q 2 )^ _ g k 

+ V v^N^q- ^g;^ + g^ ^ 

and the orthogonality relation is 
5 



'mn 



kq;q 2 )ooP£\i;q)p(°\i;q) 



q k ( g 2fc+2 ;g . g 2) oo (g;g2) c 



+E^ 0) (^?) p n 0) ^^?)+^ 0) (-9 fe ;?)^ 0) (-? fc ;?)} : 9 , . o, 

^ 2 (g 2 ;g 2 )oo 

(51) 

It follows that spectrum of the position operator Q is 

SpQ={^=, -p=,..., ;k>0}. (52) 

I y/1 - q y/l-q V 1 - q > 

The extension of this method for the generalized oscillator ()17|) . (|2Uj). 
(I21|) . determined by the formulas (|22|) and (J23|) for q < 1 gives the recur- 
rence relations 



xP n {x-q) = ( 3 4^) 1/2 ^ +1)+/3/2 ( 1 -? /(n+1) ) 1/2p n + i(x;g) 

+ (r37)) V V n+/3/2 (l -g'") 1/2 ^i(x;g). (53) 

If we rescale the variables y = (1— g') 1 / 2 ^, then P n (x; q) = ipn^l—q'Y^x] q) 
yields 

xtp n (x;q) 



f (n + l) +/ 3/2 (1 _ g M)l/2 V , n+l(a;; g) + ^n +/3 /2 (1 _ g) _ (M) 
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Representing the function ijj n {x; q) as 

q-an 2 /2 

tfj n {x; q) = ———— -Tn h n{x\ q) (55) 

q( a +^ n / 2 (q';q% /2 

we obtain from (|54jl the recurrent relation for the generalized q-Hermite 
polynomials h n (x;q) : 

xh n (x; q) = h n+1 (x; q) + q 2an+l3 (l - q' n )h n ^(x; q). (56) 

This equation can be solved by means of the anzatz 

[n/2] 

, ((a n , Cn); (1, q' d ))k(q'] q') n -2k 
where we use the notation ^3] 



^ «) = E „„ .vn^L^ l-')V'"-'^- a (57) 



((a,c); (p,g))* 



if Jfe = 0; 

(a — c)(ap — cq) . . . (ap fc_1 — cq k ~ 1 ), otherwise, 

(58) 

q' = q l 1 , and a n , c n , d are unknown quantities. It is easy to see that this 
anzatz leads the relation (|56|) to the identity 

1 _ g>n+i _ q ^+\a n - c n g /d(fc - 1 V" 2(fc_1) = 1 - q' n - 2k+1 . (59) 

This identity admits the solutions 

a n = q- 2an -Pq' n - 1 , c n = q~ 2an - p q' n+l , d = 2 (60) 

and an easy calculation gives ((a n ,c n ); (l,q' d )) k = g -fc ( 2£m +^)qr /fc ( fl - 1 )(g /2 ; g /2 ) fc . 

The resulting expressions for the generalized q-Hermite polynomials 
can be written as the polynomial of degree n in x 

K{X- q) = J2 , a , 2 \w \ (-1) V^V^a^. (61) 

^ W 2 ;q' 2 ))k{q';q')n-2k 



They can be represented in terms of the basic hypergeometric function as 

(62) 



„/— n „/— n+1 

h n (x;q)=x n 2 <p ! ' ' 1 



„2an+/3„/n 

j2 y y 



.r 2 



It is easy to see that for a = ~, /? = — 1, Z = 2 the solution (ffiTj) of 
(JHfijl reduces to the solution (gTJ) of (gOJ). 
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At last, the solutions P n (x;q) of the equations (|53J) with the initial 
conditions P_i(x;g) = 0, Po(x;q) = 1 can be written as polynomials of 
degree n in x : 

q-an 2 /2 



p n{x] q) = g+i - I fih n (y/l-q'x; q). (63) 

g 2 n {q';q')n 

Now we restrict ourselves by the condition a = (/ — l)/2 in (JBHj) . Then 

„— an(n- 1)/2 

g) = 1 -i7^(<r (2Q+,3)/2 >/W*; g')- (64) 

(?'; g'Jn 

These polynomials are orthogonal with respect to the discrete measure 

q-(2<x+/3)n _ ~, q f0 
duj(x) = {q'; q' 2 )^5(x - —^-^===)dx 

q -(2 a +P)/2^Y^Y\x\ (g-( 2 "+^) (q' 2 (l - q')x\ q'; q 2 )^ xf q' k 

+ 9 (n'-rA 6( ?~ 



k>0 



+ 2^ 5 



(g';g')oo v 

(65) 

The orthogonality relation has the form 

' (g ' g ' )oo -^(l;g)^(l;g) 



(g';g')„ 2(g' 2 ;g' 2 ) c 



+ £{P m (g' fc ; ?) p n(g /fc ; *)+^(-9*; ^(-g' fc ; g)} V~ if j 

fc>0 1 W »9 Joo 

(66) 

From this it follows that spectrum of the position operator Q is 

f ±g(2«+/3)/2 ± q (2a+/3)/2 q t ± q (2a+f3)/2 q /k 



4. Generalized g-deformed oscillator-like systems and generalized 
discrete q-Hermite II polynomials 
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If we fix in (117(1 the values of the parameters a = — 1, (3 = 2, I = 
2, < q < 1, the structure function / n is reduced to the form 

fn = q- (n+1)+ \l-q)- 1/2 (l-q n+1 ) 1/2 - (68) 

The Fock representation of the creation and the annihilation operators of 
the relations (|5fi|l . (|37|) is given by 

(7 \ 1/2 

" \ „-n+l/2/-i _ „n\l/2| 



a | n ) = (_L_j q~ n+L l z {l-q n y' z \n-l), 



> = (^-jV^a-n^h+i)- (69) 



a \n 

Q 

It follows that 

aa+|n) = g" 2n ^ H In), a + a\n) = q~ 2n+2 - ±-\ n ), (70) 

I — q 1 — g 

and commutation relation (|37j) can be written in the symbolic form 

ha+] = q-™ LJL q -™+* (71) 

1 — g 1 — g 

The Hamiltonian i7 of this oscillator-like system has the discrete spectrum 
H\n) = X n \n), where 

An = q- 2n (l - q)-\l ~ q n+l ) + ^"(l - - <f ), n>0. (72) 

As in the previous section the position and momentum operators Q and P 
in the basis |n) of the Hilbert space Tt are represented by Jacobi matrices. 
The coefficients -P°(x; q) of the transition \x) = Y^=oPn( x 'i l)\ x ) horn the 
basis {\n)} to the basis , Q\x) = x\x), satisfy the relations 



x(l-g" +1 ) 1 /2 j p0 +i(x . g)+ (_JL_) q-^il-q^P^q). (73) 



Introducing the rescaling y = q 1 I 2 {1 — q) x l 2 x and the function [x\ q) 
Pn^{q x l 2 {\ — q)~ x l 2 X] q) we obtain the equation 

^f (x . g)=(r (n+l)+l/2 
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x(l - q-^y/^lix; q) + q~ n+1 / 2 (l - g») 1/2 $2i(*; <?)■ (74) 
After the replacement 

n 2 /2 

^ ) (x;q) = -^-^h^(x;q), (75) 
we obtain the recurrence relation for the discrete g-Hermite II polynomials 

xh$>(x; q) = h%(x; q) + q~ 2n+1 (l - q n )h^Ux; ?) (76) 

which together with the initial condition h a ° \x; q) = 1 define the discrete 
g-Hermite II polynomials 

[»/2] / \ 

~ h (o )[x . q) = J- (77) 

^ (g 2 ;g 2 ) fc (g;g)n-2fc 

These polynomials can be represented in terms of the basic hypergeometric 
function: 



n „— n+1 



The solution of the equations (|73j) with the initial conditions pi^ (x; g) 
0, Pq ^; g) = 1 can be given in the form 

n 2 /2 

/ 

(g;g) 



^ 0) (*;<?) = JL -^j- 2 h { :\q- 1/2 VT^~qx-,q). (79) 



It follows from ^3] that these polynomials are orthogonal with respect to 
the discrete measure 

dCo^(x) 



^2 c 1 q 1/2 a/1 - qw(q 1/2 ^fT r qx; q) x 5(x - ^ZTJ^yf 



r «'' -)dx 



k=—oo 



OO 

~ trV^V 1 - qw(-q~ l,2 ^l - qx; q) x 6(x H . 09 ) (fee. 

(80) 

The orthogonality relation for these polynomials has the form 

OO 

£ tfSW; g)Pi°W; g) + Pi 0) (-cg fc ; g)Pi 0) (-cg fc ; g)Mcg fc ; g)g fc 

fc =— OO 
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where w(x\q) = 1/ (—x 2 ; q 2 )^. It follows that spectrum of the position 
operator Q is 



o n _ f ± c ±cg ±cg fe t>n\ 

(821 



A connection of the discrete q-Hermite I polynomials and the discrete q- 
Hermite II polynomials are given by q — > 1/g. Indeed, we have the relations 

(VgWgOng^g^ = (g ; ;gQn ^-ah, (83) 

(l/g'; l/g')n-2fc (g'; g / ) n -2* 

(l/g 2 ;l/g 2 ) fc = (-l) fc (g 2 ;g 2 ) fc g~ fc ( fc+1 ) (84) 
leading to the identity 

h^(ix;q- 1 ) = i n h^(x;q). (85) 

This identity reflects the transition q — ► g~ x from the oscillator ()34jl. 
to the oscillator (gj) , (137f) . 

Now we consider the generalized oscillator (|17j). (J2U|) . (J2T]) represented 
by operators flUJ), fl23), (J23) for? < 1. Then instead flU we have the 
equality 

q^_\V 2 na{n+l)+m 



( q 1 \ 1 ' z 

xP n (x;q) = [y^J q 



7 /3/2 N l/2 

7 

or 



x /3/2 v 1/2 

1 -g ,n+1 ) 1/2 P„ +1 (x;g)+ g^+^l-g'^iVx^g), (86) 



= _ q ' n + 1 ) 1 / 2 4, n+1 ( x - q) + g^/ 4 (l - q'") 1 ' 2 ^^ q), (87) 

where ip n (x; q) = P„((g /3,/4 (l— g')) _1/,2 x; g). Representing the function ip n (x; q) 
as 

g) = ——^7-7— — o^M^; g) (88) 
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we obtain the recurrence relation 

h n+ i(x; q) + q 2an ^l\\ - q' n )hn-i(x; q) = xh n (x; q). (89) 
The solution of this equation can be obtained by means of the anzatz 

Ux- q) = J2 77 , 7f #7 , a (-1) V^-^x- 5 *, (90) 

^ ((an, c n ); (1, q' d ))k{q'] q') n - - 



k=0 



2k 



which generalizes (|77jl. It is easy to see that it reduces the relations (jBHj) 
to the identity 

= 1 _ g*H-l _ g 2an +/3 /2 (an _ ^ ?/d ( fe -l) )g -( 2fe -2n-l) g /2(n-l) (gl) 

We obtain the solution 

a n = q- 2an -PI 2 q'- 2n+ \ c n = q -^-p/2 q ,-2n+^ d = ^ (g2) 

An easy calculation gives ((a„, c n ); (1, q' d )) k = g -M2«n+/3/2) ? /-fe(2n-i)^/2. g /2) fc _ 
The resulting expression 

[n/2] 

(g ,2 ;g' 2 )fe(g';gO«--A 



n n (x; q) = J2 1 ,2. if/,?" a (-1) V 2 ^ /2 V* 2 *"" 2 * (93) 



fc=0 



defines a generalized of the q-Hermite polynomials which can be written 
in terms of the basic hypergeometric function, 



J— n .J—n+1 

h n (x;q) = x n 2 0i( V q 



1 2an+P/2 n l2n+l 
X 



q ,2 ;- q - ^— )■ 04) 



It is easy to see that for the special values a = —1, (3 = 2, Z = 2 
the solution (jHSJ) is reduced to the solution (J77|) of the relation (|7B|l . 

Finally, the solution P n (x;q) with the initial conditions P_i(x;g) = 
0, -Po(x; o) = 1 of the equation (J55J) are given by the formula 



q-an 2 /2 



p ^ $ = „ m / — ^(f W4 ^; ?). (95) 



From now on we restrict ourselves by the condition a = — (I — 1) in (|95|). 
Then 

-an 1 12 

P n (x; q) = ^-^hl{q-^' 2 ^l^'x- q'). (96) 

(<?'; q')n 
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These polynomials are orthogonal with respect to the discrete measure 

du{x) 

OO ffe 

= E c-^My/T^wiq-Mfty/T^xrfxSix "I -=. 7 ) dx 

k =-oo q VA-g 



OO if. 

- E c-V w)/2 VWK<T (a+/?)/2) 7W^; </) -^— =f ) dx 

k=—oo ^ 

(97) 

and the orthogonality relation is 

oo 

£ i p m(cq' k ; q)Pn(cq' k ; q) + P m {-cq' k - q)P n (-cq' k ; q)}w(cq' k ; q)q' k 

k=—oo 

= 2 {q ' 2 > ~ CV ' ~ C " 2g/; q ' 2)oo{q ''> q ' )n 2 q ~° n2 5 mn c > (98) 
(</, -c 2 , -c"V 2 ; q' 2 )ooq' n2 

where w(x;q) = l/(— x 2 ; g 2 )^. It follows that spectrum of the position 
operator Q is 



r ±c ±cg' 

(99) 

A connection of the generalized q-Hermitian I and the generalized q- 
Hermitian II polynomials is not evident at all as in non -generalized case. 
Unfortunately the change q — > 1/q does not lead to the analogous of 
for the generalized q-Hermitian I and the generalized q-Hermitian II poly- 
nomials (JoTj) and (jHSJ- It is evident from and ([23)1 . Instead of this in 
this case we have 

K 2 1 / / A 

/in(x; 1/q) = V , 5 ( _l)^-fe(^ +/3 )^(2 fe -n) x n- 2fc _ (10Q) 

f^ {q 2 ;q 2 )k{q';q')n-2k 

It is easy to see that for a = ~, /3 = — 1, / — 1 = 1 this relation gives 
identity (|B5jl. 

5. Barut -Girardello coherent states of oscillators associated with 
generalized discrete q-Hermite I and II polynomials 



±cq 



rk 
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It is known that the coherent states in the ordinary Lie algebras are 
very useful for studying the representation theory. The generalized coher- 
ent states are very useful in the study of representation of quantum group 
and physics, in particular, in quantum optics. Barut-Girardello type co- 
herent states of oscillator algebras have been studied for oscillator-like 
system connected with some orthogonal polynomials. The family coher- 
ent states associated with discrete q-Hermite polynomials of type II have 
been described in [0] and |15j . In this section we give solution the same 
problem for discrete q-Hermite I and generalized discrete q-Hermite I and 
II polynomials. 

First of all we prove the formula for a generating function of q-Hermite 
I polynomials connected with the appropriate q-oscillator 



~ (-l)n a -n(n-l)/2 

E -TZ. 3 h^\x-q)t n = {qt- 1/gW/ 



n=0 



(q; q), 



tq). (101) 



Let us denote the left hand side of this identity by 



00 (—-\\n n -n(n-l)/2 



n=0 



(q;q)n 



Then 



$(ix,l/q,t) = J2 [ 



At, 



n=0 



h^\x-q)C-T 

{q;q)n g 



Using formula (3.29.12) of ref. [13] 



°° ( — 1 \n n(n-l) _ 

E —TI^ ^(x\ ^ = H*5 101 

n=0 



(?; ?)» 



IX 

-it 



q;it 



we obtain 



(iar, 1/ q, t) = (-*/ g; g)oo i0i ^ / g; -*/ <?J 



(102) 



(103) 



(104) 



(105) 



from which easy follows (jl01|) . 

The Barut-Girardello coherent states of a oscillator ([T]). (|2*j) in the Fock 
representation space TC are defined as eigenvectors of annihilation operator 
a : 

a\z)=z\z), zeC, (106) 

given by the formula 



r) = AT 1 E 



n=0 



\ n ): 



(107) 



n— 1 • 
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where M is normalized factor. By definition the basis vectors \n) oiH, are 
taken as polynomials tjjn\x; q) of (@3J). In the case of the oscillator corre- 
sponding q-Hermite I polynomials we have f n -\ = ^1/(1 — <z))(J ,n ~ 1 (l — q n )- 
It follows 

fn-i\ = ^l/{l-qYq n ^l\q;q) n (108) 
and coherent state ()107|) can be written as 



n=0 



00 f_ 1>„-n(n-l)/2 



n=0 



(109) 



(110) 



(take into account of ([101)) ) 



Easy calculation gives the normalized factor 

0, 



A/- 2 (M 2 ) = 200 



The overlapping of two coherent states is 

0, 



q; (1 -q)z). 



l/q;qy/l - qzj. 

(Ill) 

(112) 



(Z 1 \Z 2 ) = 2 0o 



q; (1 - q)z 1 z 2 y 



113) 



The terminal expression for coherent state \z) of the q-oscillator corre- 
sponding discrete q-Hermite I polynomials has the form 



\z) = 120 



0, 



q; (1 -q)z 



1/2 



x(-vl - qz)\ l/g)oo i0i 



x 



(114) 



-g^/1 - qz 

The family of coherent states associated with oscillator-like system cor- 
responding to generalized discrete q-Hermite I polynomials (161)) can be 
obtained the same method. In this case 



n-l- 



1/(1 - q')n q an* q (a+P)n( q r ; g /) n 



(115) 
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and basis vectors \n) are taken as polynomials ip n {x] q) of (|55|). This leads 
(HOZD to 

\ z) = AT^d^l 2 ) V (VT=Yz) n q- an2 / 2 h n (x; q) 



n=0 

or 



vV n Y a+/3)n (<?';g')n g( Q +^w 2 (g'; g')n /2: 



(_1 \n„-an(n-l) , /I _ „/ s „ 



n=0 



(s;?)n ' ^ q 2 



The generating function for generalized discrete q-Hermite I polynomi- 
als (the extension of ()1L)1|) ) is given by the formula 

°° ( — -[ )n -(2a+(3)n -an(n-l) 

J2 - fa .-/ *>(*,«x" 

n=0 ^' ^ n 

, -(2an+/3)/2 /(n-l)/2 N 

= (V; l/gOoo i0i ( g ^ V?'; • (117) 

Comparing the expressions and (J117)) we obtain 

|z> = AT- 1 (|«| 2 )(-g-( 2 « + «g'VW^; l/90oc 

The short calculation of a normalizing factor of the coherent state 
gives 

The description of the Barut-Girardello type coherent states for the oscillator- 
like systems, connected with discrete q-Hermite II polynomials has been 
done in jBJ. Therefore in the further we consider the coherent states, con- 
nected only with oscillator-like systems connected with generalized discrete 
q-Hermite II. They are given by the expression (|1(J7|) . where 



V?';?" 1!a+ V)/W4 ( 118 



/n-i! = ^qP n /(i-q') n q anin+1) W;q% (120) 

and basis vectors |n) are given by i[) n (x,q) of (fTHJ) . namely, 

\z) = A/" -1 — = -jrrhnix: q), 

y/qfr/O- ~ g') n 9 an(n+1) (?'; Q')n g(2«+/3)«/4)( g ' ; q'fj 2 

(121) 
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or 



i 1 \n„— an" , , 

(122) 



The generation function for polynomials /i n (x; g) is defined by 



71=0 



i/V /2 *; g% i< 



i? -(2an+/3)/2 ? /(2n-l)/2 ;r 



q'-itq^q 11 ' 2 ) (123) 



(the extension of the formula (3.29.12) of ref. JH])- Using this identity the 
coherent state \z) of (|122j) can represented by expression 



\ z ) = u-\\z\ 2 ) 



X 14 



'g'(l-g') 



g 



(2q+/3)/2 



^; g joo i<pi 



ig" 



(2an+/3)/2^/(2n-l)/2 ;r 

3 (2 a +/3)/2^ 



g ; -n 



V(i - gQ 

g(2a+/3)/2 



■2 • 



At last, the normalizing factor of the generalized coherent state 
can be written as 



(124) 



2/1 _|2\ 



y q — 

( n i. n i 



ora(n+l) . _/ 



n=0 



(g'; g' 



g 



p 



(125) 



We have not established completeness (over-completeness) of the given 
set of generalized coherent states. It will be done in a forthcoming paper. 
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